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When a light beam passes through a cascade of biaxial crystals with aligned optic axes, the
resulting transverse intensity pattern consists of multiple concentric rings. We provide a simple
formulation for the pattern formation for both circularly and linearly polarized input beams, that
could be applied for a cascade of an arbitrary number of biaxial crystals. We have experimentally
investigated multiple ring formation with up to three cascade biaxial crystals, showing that the
theoretical formulation is in full agreement with the experimental results.
ocis: 160.1190, 260.1180, 260.1440.
In conical refraction (CR), when a circularly polarized
focused light beam passes along one of the optic axis of a
biaxial crystal (BC), it is transformed into a light ring at
the focal plane of the system [1, 2]. This light ring splits
into a pair of concentric bright rings separated by a dark
(Poggendorff) ring under conditions of R≫ w0, where R
and w0 are the radius of the CR ring and the waist radius
of the focused input beam, respectively. One interesting
feature of the CR ring is that it is laterally shifted with
respect to the input beam. Both the direction and magni-
tude of this lateral shift can be represented by the char-
acteristic vector of the crystal, ~G ≡ R [cos(ϕ), sin(ϕ)],
that belongs to the plane of the crystal optic axes, where
ϕ is the orientation of the plane of optic axes [1], see
Fig. 1(a). The polarization distribution along the ring
depends only on the orientation of ~G. Each point of the
light ring is linearly polarized with the polarization plane
rotating so that every pair of diagonally opposite points
of the ring have orthogonal polarizations. As a conse-
quence, for randomly and circularly polarized (RP/CP)
input Gaussian beams, light’s intensity distribution along
the ring is uniform. In contrast, if the input beam is lin-
early polarized (LP), the CR ring possesses a point of
null intensity whose polarization is perpendicular to the
input beam’s one, see Fig. 1(b).
Recently, multiple concentric rings have been experi-
mentally reported in a cascade of two [1, 3, 4] and up to
four [5, 6] BCs, with interesting applications in lasing [3],
particle trapping [7, 8] and free space optical communi-
cations [9]. The diffracting wave theory of CR [2, 10] has
been extended to the case of beam propagation through
a cascade of up to N BCs [4, 11], providing an accurate
description of the phenomenon in terms of Bessel func-
tions. Even so, a simpler approach should be developed
to offer a practical guideline of the final pattern for CR
in cascaded BCs, including the case of linearly polarized
input beams that has not been reported yet. This is the
main goal of this article.
Here we present experiments and a simple theoreti-
cal insight into the problem of multiple ring pattern for-
mation in a cascade of BCs. Our approach comes from
the transformation rules based on wave-vector and polar-
ization dependence of CR reported recently [12] and on
FIG. 1. (color online) (a) CR ring at the focal plane for a
circularly polarized input beam. Orange double arrows show
the polarization distribution at each point of the CR ring. See
text for parameters’ definition. (b) CR pattern for a vertically
linearly polarized input beam.
FIG. 2. (color online) Experimental set-up. An input beam
propagating along the optic axis of a cascade of biaxial crys-
tals (BCi) (with orientation ϕi) is focused with a lens (FL)
and transformed by the CR phenomenon in the cascade. An
imaging lens (IL) projects the final pattern into the CCD
camera.
the experiments with spatially filtered beams obtained by
properly selecting an angular part of the CR ring with a
pinhole placed at the focal plane [13] of the first BC.
The scheme of our experimental arrangement is shown
in Fig. 2. A circularly polarized Gaussian light beam is
focused with a lens (FL), passing along the optic axis of
a cascade of up to three biaxial crystals (BCi) rotated
by angles ϕi around their aligned optic axes. Finally, an
imaging lens (IL) projects the focal plane into the CCD
camera.
Single annular pattern with fine Poggendorff splitting
is observed when the first crystal is placed alone. When
the second and third crystals are consecutively added,
2up to two and four concentric rings appear, as shown
in Fig. 3(a) and Fig. 3(c), respectively. We introduce
the transverse coordinates XY, see Fig. 1(a). The BC1
orientated at an angle ϕ1 transforms the input Gaussian
beam (with position vector ~r0) into the CR light ring,
whose center position is given by
~r1 = ~r0 + ~G1. (1)
From Eq. (1), the position of any point of the CR ring
(represented by the polar angle χ, see Fig. 1(a)), is de-
scribed by
~r1(χ) = ~r0 + ~G1 + |~G1| [cos(χ), sin(χ)] . (2)
The polarization azimuth, Φχ, at each point of the ring
is related to its position along the CR ring through
Φχ =
χ+ ϕ1
2
. (3)
To investigate the origin of multiple rings generated
by a cascade of BCs, part of the conically refracted beam
is selected (filtered) by placing a pinhole at the CR ring
after the first crystal, as schematically shown in Fig. 1(a).
Every point of the ring is a CR-filtered beam defined by
the polar angle χ of the filtering (which also defines the
plane of wave-vectors ΦK = χ [12]) and by the plane of its
electric field vector with polarization azimuth Φχ given
by Eq. (3). We observed that, as expected from Ref. [13],
CR-filtered beams passing through a BC do not produce
full ring pattern, but refract (split) into two orthogonally
linearly polarized beams. Their positions correspond to
two diagonally opposite points of the otherwise expected
CR ring for a Gaussian input beam. Their geometric
center is
~r2 = ~r1 + ~G2 = ~r0 + ~G1 + ~G2, (4)
while their polar angles and transverse positions are de-
fined by the filtering angle χ of the input beam
χ
(1)
2 = χ, χ
(2)
2 = χ+ π; (5)
~r2(χ
(1,2)
2 ) = ~r1(χ) +
~G2 ± |~G2| [cos(χ), sin(χ)] , (6)
where the superscript distinguishes the refracted (out-
put) beams. Their polarization azimuths Φ
χ
(1,2)
2
are de-
fined by Eq. (3) with χ being replaced by χ
(1,2)
2 given
in Eq. (5) and ϕ1 being replaced by ϕ2. By combining
Eq. (2) with Eqs. (4) and (6), the latter reads
~r2(χ
(1,2)
2 ) = ~r2 ±R
(1,2)
2 [cos(χ), sin(χ)] , (7)
where R
(1,2)
2 =
∣∣∣| ~G1| ± | ~G2|
∣∣∣. To relate the angle between
consecutive crystals, we define ϕnm ≡ ϕn − ϕm. The in-
tensity splitting distribution between the refracted beams
(derived from the phenomenological theory presented in
Ref. [12]) is
I
(1)
2 = Iχ cos
2
(
Φ
χ
(1)
2
− Φχ
)
= Iχ cos
2
(ϕ21
2
)
, (8)
I
(2)
2 = Iχ cos
2
(
Φ
χ
(2)
2
− Φχ
)
= Iχ sin
2
(ϕ21
2
)
, (9)
where Iχ = Iχ,CP =
P0
A
for a circularly polarized in-
put beam, while Iχ = Iχ,LP =
2P0
A
cos2 (Φχ − Φ0) =
2Iχ,CP cos
2
(
χ+ϕ1
2 − Φ0
)
for the linearly polarized case.
P0 is the input beam’s power, which redistributes over
the area A = 4πw0R occupied by the CR ring. Note that
if R = 0, then A = πw20 , where w0 is the waist radius of
the focused input beam. The two refracted beams after
the BC2 are also CR-filtered beams, that are described
by their transverse positions ~r
(1,2)
2 = ~r(χ
(1,2)
2 ) and by the
set of parameters [χ
(1,2)
2 ,Φχ(1,2)2
]. Multiple rings forma-
tion is obtained by considering the full range χ ∈ [0, 2π).
In this case, Eqs. (7), (8) and (9) define two concentric
rings with common center at ~r2, radii R
(i)
2 and azimuthal
intensities I
(i)
2 :
~r2 = ~r0 + ~G1 + ~G2, (10)
R
(i)
2 =
∣∣∣| ~G1| ± | ~G2|
∣∣∣ (i = 1, 2), (11)
I
(1)
2,CP =
P0
A
(1)
2
cos2
(ϕ21
2
)
, (12)
I
(2)
2,CP =
P0
A
(2)
2
sin2
(ϕ21
2
)
, (13)
being A
(i)
2 = 4πw0R
(i)
2 if R
(i)
2 6= 0 and A
(i)
2 = πw
2
0 if
R
(i)
2 = 0. In other words, the second crystal shifts the
center of the ring pattern and splits the parental CR
ring into two concentric ones, as observed experimentally
for the cascade of two crystals, see Fig. 3(a). For input
beams with linear polarization, the azimuthal intensity
of the light ring patterns are:
I
(1)
2,LP = 2I
(1)
2,CP cos
2
(
χ+ ϕ1
2
− Φ0
)
, (14)
I
(2)
2,LP = 2I
(2)
2,CP cos
2
(
χ+ ϕ1
2
− Φ0 +
π
2
)
, (15)
for | ~G2| > R1 and
I
(1)
2,LP = 2I
(1)
2,CP cos
2
(
χ+ ϕ1
2
− Φ0
)
, (16)
I
(2)
2,LP = 2I
(2)
2,CP cos
2
(
χ+ ϕ1
2
− Φ0
)
, (17)
for | ~G2| < R1. Experimental patterns and corresponding
theoretical simulations of a cascade of two biaxial crystals
for input beams with linear and circular polarizations are
shown in Fig. 3.
The third biaxial crystal (BC3), once added into the
cascade, splits each CR-filtered beam into two CR filtered
beams with parameters defined by Eqs. (5), (6), (8) and
(9) as previously described. Therefore, four CR filtered
beams appear at the positions defined by Eq. (7) with pa-
rameters ~r3 = ~r0+ ~G1+ ~G2+ ~G3 and R
(i)
3 =
∣∣∣R(1,2)2 ± | ~G3|
∣∣∣
(i = 1, 2, 3, 4). For the full range χ ∈ [0, 2π) the latter
results predict four concentric rings as shown in Fig. 3(c),
3FIG. 3. Transverse intensity patterns for a cascade of 2 (two
concentric rings patterns) and 3 (four concentric rings pat-
terns) BCs. Figures (a)-(d) are experimental data and (e)-(h)
the corresponding theoretical simulations. First and third
columns correspond to a circularly polarized input beam,
while second and fourth columns correspond to a linearly
polarized input beam with azimuth Φ0 = 0
◦. Experimen-
tal parameters of the BCs: L1 = 27.31mm, ϕ1 = 0
◦;
L2 = 10.66mm, ϕ2 = 90
◦; L3 = 18.29mm, ϕ3 = 180
◦.
The focal length of the focusing lens (FL, see Fig. 2) is
200mm.
centered at ~r3 and with radii R
(3)
i and corresponding az-
imuthal intensities I
(i)
3 as follows
~r3 = ~r0 + ~G1 + ~G2 + ~G3, (18)
R
(i)
3 =
∣∣∣∣∣∣| ~G1| ± | ~G2|
∣∣∣± | ~G3|
∣∣∣ (i = 1, 2, 3, 4), (19)
I
(1)
3 =
P0
A
(1)
3
cos2
(ϕ21
2
)
cos2
(ϕ21
2
)
, (20)
I
(2)
3 =
P0
A
(2)
3
sin2
(ϕ32
2
)
cos2
(ϕ21
2
)
, (21)
I
(3)
3 =
P0
A
(3)
3
cos2
(ϕ32
2
)
sin2
(ϕ21
2
)
, (22)
I
(4)
3 =
P0
A
(4)
3
sin2
(ϕ32
2
)
sin2
(ϕ21
2
)
, (23)
for CP input beams. For LP input beams, correspond-
ing expressions can be obtained using Eqs. (14)-(17) and
taking into account whether |~G3| < R
(i)
2 or |
~G3| > R
(i)
2
(i = 1, 2). Explicit formulation is not presented here
since for a cascade of N = 3 BCs there are 3! = 6 possible
combinations × 4 light rings = 24 formulae. Experimen-
tal patterns and corresponding theoretical simulations for
a cascade of three biaxial crystals for linearly and circu-
larly polarized input beams are presented in Fig. 3.
Patterns for a cascade of N biaxial crystals with char-
acteristic vectors ~Gi can be obtained by applying Eq. (18)
(position of the center) Eq. (19) (radii of each ring) and
Eqs. (20)-(23) (intensity of each ring) recursively. In this
case, up to 2N−1 concentric rings appear at the focal
plane, as it was recently shown if Refs. [4, 5, 11] for
circularly polarized input beams. We have checked this
simple theory with cascades of up to five crystals.
In conclusion, pattern formation of multiple rings in
CR can be described using a formalism based on double
refraction of CR-filtered beams. We have confirmed that
a cascade formed by N BCs generates up to 2N−1 rings
and we have presented a simple formulation that allows
deducing the position, radii and intensity for each light
ring. For the first time to our knowledge, analysis of
the transverse intensity pattern of cascaded CR from a
linearly polarized input beam has been reported, showing
that the final pattern depends on the relative position
of the BCs in the cascade, i.e, it is a non-commutable
operation. The presented formulation can be of practical
usefulness to easily predict the intensity patterns for light
beams propagating through an arbitrary number of BCs.
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